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Exercise 1.1.6

Newton asked the question, what is the curve which, when revolved about an axis, gives a surface
offering the least resistance to motion through a “rare” fluid (e.g. air)? Newton’s answer is the
following curve (see Chapter 7).

(2(1), y(t)) = (; E ot +t3] , % {m G) 2 it4] - ;)\> ,

where A is a positive constant and z > 2\. Graph this curve and compute its velocity and
acceleration vectors. What angle does the curve make with the z-axis at the intersection point
(2X,0)7

Solution

Setting A = 1, the graph of this curve in the xy-plane is shown below.
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Figure 1: Plot of a(t) = (x(t),y(t)) for t € (0,2].

If this curve is revolved about the y-axis, the resulting surface is shown below.
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Figure 2: 3D Revolution Plot of a(t) = (z(t),y(t)) for ¢ € (0, 3].

Since a(t) = (z(t),y(t)) is a curve in R?, its velocity and acceleration vectors are given by «’(t)
and o' (t), respectively.

(0= ( gy )

() = (50 5000

Differentiating both components of «(t) with respect to t, we get

A 1 AN/ 1
=2 (- +2+32 ). 2 (== +2t+3t3) ).
o' (t) (2( t2+ + ),2< t+ +

Differentiating both components of o/(t) with respect to t, we get

o'(t) = ()\ (t%+3t) % (tlz+2+9t2)) .

In order to find the angle the curve makes with the z-axis, we have to find dy/dx at the given
point. The slope is equal to tan 8, and 0 is exactly what we need to solve for.

dy dy/dt 5 (—%+2+3%) 1

de — dr/dt 3 (-1 42t 433) ¢
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Now we need to figure out what value of ¢ gives a(t) = (2A,0). By inspection we see that ¢t =1
gives this result. Plugging this value of ¢ into the formula for dy/dx gives

dy

=1=tan.
dx |,_y an

The value of 0 that gives tanf = 1 is § = w/4. Therefore, the angle the curve makes with the
z-axis at (2X,0) is 7/4 radians.
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